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Introduction

This is a collection of formulas given by my mathematics teacher, Gunter
Beck, at Meadowbank Technical College, in Australia, during his teaching of
four unit maths (Higher School Certificate). As he introduced each topic, he
wrote the main formulas for that topic on the board, and encouraged us to
write them into our own formula books. He died rather quickly from a cancer.
He was my favourite teacher. After I learned of his death, and noticed that my
old formula book was getting very dog eared from so many years of constant
use, I decided to write this in fond memory of Gunter, using ANS-IXTEX.
There are many who miss you, Gunter.

For Gunter Beck
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1 Algebraic Results

if %:2 then:

ad = be diagonal product (1.1)

b
% = diagonal exchange (1.2)

b d
- == inverse (1.3)

a ¢

d

“ZC - C; addend (1.4)

Factors of 2™ — a"

" —a" = (z—a) (" P+ 2" e+ 2" e + .+ xa" 2 +a")  (1.5)

Sum and difference of two cubes
a® 4+ = (a+b)(a® — ab+ b?)
a® —b® = (a —b)(a* + ab+ b?)
a’? —b* = (a+0b)(a—b)
Expansions of various squares and cubes
(@+bt+ct-+n’=a>+b0+c+--+n*+2) ab

(where Z ab represents all possible pairs of a,b,¢,...,n) (1.9)

(a+b+c+d)?=a*+b*+c*+ d* + 2ab + 2ac + 2ad + 2bc + 2bd + 2cd

)

(a4b+4c)* =a® +b* + ¢ + 2ab + 2ac + 2bc (1.11)
(a —b)® = a® — 3a®b + 3ab® — b* (1.12)
(a+b)3 = a® + 3a®b + 3ab® + b* (1.13)

2 Absolute value

DEFINITION 2.1 The definition of the absolute value of a is

a ifa>0
la] =<0 ifa=0 (2.1)
—a ifa<0

For Gunter Beck
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Some properties

if || =a then == +a (2.2)
if |z] < a then —-a<z<a
if |z| > a then z<aorz>a

3 Inequalities

If a > b, ¢ > d, then:

atc>bxc (3.1)
ac > be (¢>0) (3.2)
ac < be (c<0) (3.3)
ac > bd (a,b,c,d all > 0) (3.4)
a’ > b? (a,b both > 0) (3.5)
1 1
- < - (a,b both > 0) (3.6)
a b
4 Trigonometry
“All Stations To Central”:
T
Reciprocal ratios
1
sc = —— 4.1
¢ sin 0 (4.1)
1
sec ) = 4.2
see cosf (4.2)
1 cos 6
cot tanf  sind (43)
tang = S0 (4.4)

cos

For Gunter Beck
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Pythagorean identities

sin? 6 + cos? 6 =1
tan?20 + 1 = sec? 0
1+ cot?0 = csc® 8

Inverse formulas

Sinfl Tr = tan71 \/%7 €T 7é 1
/1 — 2
cos m—tan_lTx z#0
Co-ratios—(complementary angles)
sin(90° — 6) = cos 6 c0s(90° — 6) = sin 6
tan(90° — ) = cot 6 cot(90° — 0) = tan b
sec(90° — 0) = csc csc(90° — 0) = secd
sin(180° — ) = sin 6 sin(180° + ) = —sin @
cos(180° — 0) = —cosd cos(180° + ) = —cos 6
tan(180° — 0) = —tand tan(180° 4 ) = tan 6
sin(360° — ) = sin —0 = —sin @ (odd)
cos(360° — 0) = cos —0 = cos 0 (even)
tan(360° — 0) = tan —0 = — tan 6 (odd)

Exact values

For Gunter Beck
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1
sin45° = cos45° = —
V2
1
sin 30° = cos 60° = 3
sin 60° = cos 30° = ?
tan45° = cot45° =1
1
tan 30° = cot 60° = —
V3
tan 60° = cot 30° = /3
— V2
sin 15° = cos 75° = %
2
sin 75° = cos 15° = @

tan 15° = cot 75° = 2 — /3
tan75° = cot 15° = 2 + V3

Addition formulas

sin(f £ ¢) = sin 6 cos ¢ & cos fsin ¢
cos(f £ ¢) = cos b cos ¢ F sin 6 sin ¢
tan 6 + tan ¢

tan(0 £ ¢) = —— —
an( ?) 1 Ftanftan ¢
cotfcotpF1 |
t(0+ o) = ———F——
cot( ?) cot 0 & cot ¢
c0s 20 = cos® 0 — sin? 0
=1—2sin%6
=2cos?0—1
2tand
tan 20 =
a 1 —tan?0
9 1 — cos 26
sin” § =
2
9 14 cos 26
cos”“ 6 =

in 260 = 2sinf cosf

For Gunter Beck



7 Maths formula book

Sine rule
a b c
sinA  sinB  sinC

Area of a triangle

bsin C
Area of any triangle = a4 s;n
Cosine rule
a® = b* 4+ % — 2bccos A (side formula)
B2 4 2 — g2
cos A = % (angle formula)
c
“Little t” formula
1+
2t
T
1— ¢
x
t = tan —
2
2tan g
tanx = 5z
1 —tan* §
%
12
. 2t
sine = ——
1+ ¢2
1=
cOsT = 7 T
2dt

. T
1ft:tan§ then dx = e

For Gunter Beck
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Period and amplitude

2
y = asin(wt + @) amplitude = a, period = g
. . 2
y = acos(wt + @) amplitude = a, period = =
y = atan(wt + @) amplitude = oo, period = g
Special limits
sin 6
li =1
im0 0
. tané
o
The 30 results
sin30 = 3sinf — 4sin® 0
cos 360 = 4cos® — 3cosh
tan3
tan 30 — 3tan 6 ta2n 0
1—3tan=60
4.1 Sum and product formulas
sin(f + ¢) + sin(f — ¢) = 2sin  cos ¢
sin(f + ¢) — sin(f — ¢) = 2sin ¢ cos
cos(f + ¢) + cos(0 — ¢) = 2cos B cos ¢
cos(f + @) — cos(f — @) = —2sinfsin ¢
/1=0 =34+ 4
f ! +é then f( ! 2) use 6 > ¢
Ly=0-¢ = 5(41 = 42)
Using these formulas:
Gina — ia __ e—ia
2
eia +671a
cosa =

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.62)

(4.63)

For Gunter Beck
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it is not too hard to derive the sum and product formulas, e.g.,
cosacosb = i (ei“ + e_i“) (eib + e_ib)
L (ei(a+b) 1 eila=b) 4 o=i(a—b) _’_efi(aer))
eilatd) | eﬂ'(ﬁb)) 4 i (ei(afb) I 67i(a7b))

cos(a+b) + & cos(a — b).

(4.64)

4.2 Sum of two waves
b
acoswt + bsinwt = v/a? + b2 cos <wt —tan™! ) (4.65)
a

Here we use the fact that

a+jb=+a2+p2elt w (4.66)

and
a—jb=a+jb=+a2+b2e it "2 (4.67)
4.68)
: a jwt —jwt b jwt —jwt
acoswt+b31nwt:§(6] +ed )+T(€J —e 7 (4.69)
J
_ _ i _
= g (eJ“’t + e”“’t) — ‘% (e]m — eﬂm) (4.70)
1. _
= 2 ((a—3b) + e (at jt))  (from (ETT) and (5D)
(4.71)

= %\/m (ej‘”te*j fan™! 4 gmjwtedtan”! 3) (4.72)

Va2 + b (ej(wtftan_l 2 + e—J(wt—tan™" %))
2

= Va?+b? cos (wt —tan~! 2) (4.74)

(4.73)

Period of sum of two sine waves: If coswit 4 coswst is periodic with
m
period T, then Im,n € Z : wn T = 2mm,woT = 27n, i.e., “L = = is rational.

w2
Also, to find T
n 2w 27
wy=—wy, T =-—m=—n.
m w1 w2

For Gunter Beck
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The same is true of cos(wit+6), cos(wat+¢@), 0,6 € R, i.e., phase doesn’t
affect the value of T here.
5 Coordinate geometry: straight lines

Equations of straight lines The equation of a line || y axis through (a, b)
is
y==> (5.1)

The equation of a line |  axis through (a,b) is
r=a (5.2)
The equation of a line with slope m and y intercept b is
y=mx+b (5.3)
The equation of a line with slope m through (x1,y;) is
Y=y =m(z— 1) (5.4)

The equation of a line through (x1,y1) and (z2,y2) is

Y2 — Y1
= (z — 5.5
) (5.5)

Yy—y1 =

The equation with z intercept a and y intercept b is

r Yy
—+z=1 5.6
P (5.6)
This “general form” of equation for a line has slope = _—BA, x intercept = _,ch
Y intercept = %f:
Az +By+C=0 (5.7)

Distance and point formulas
The distance between (z1,22) and (x2,y2) is

Vi(ws —21)? + (g2 — 91)? (5.8)

The distance of (z1,y1) from Az + Bz +C =0 is

d‘Ax1+By1+C"

VAT B2 (5.9)

For Gunter Beck
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The coordinates of the point which divides the join of @ = (z1,y1) and R =

(z2,y2) in the ratio m; : mg is

p_ (mﬂ?z + mox1 M1y + m2yl>
mi+mae  mi+ma

(5.10)

From @ to P to R. If P is outside of the line QR, then QP, RP are measured

in opposite senses, and ™t is negative.
mo

The coordinates of the midpoint of the join of (z1,41) and (x2,y2) is

T+ X2 Y1+ Y2
2 72

The angle a between two lines with slopes m1, mo is given by

mo — My
tana = | ——— for a acute
1 —+ momy
ma — 1My
tanag = — | ——— for a obtuse
1+momy

6 Logarithms and Indexes

Basic index laws

am x an am+n
CLm = an _ amfn
(am)n — mn
a’ =1
_ 1
al=—
an
m n/m . m
am = Va (if a™ > 0)
(ab)™ = a™b"
a va

bW
DEFINITION 6.1 (DEFINITION OF A LOGARITHM) if log,z =y
a¥.
The number a is called the base of the logarithm.

Change of base of logarithms
log, x

log, x =
log, a

For Gunter Beck
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Basic laws of logarithms
log, mn = log, m+log,n (6.10)
log,, mo_ log, m —log, n (6.11)
n
log, m® = xlog, m (6.12)
a® = evna 6.13)
x¢ = eclos® 6.14)
2?28
L “e
e —1+x+§+§+ V. (6.15)
7 Series and Sequences
Arithmetic progression (AP): is of the form:
a,a+d,a+2d,...,u,
up =a+ (a—1)d (7.1)
Tests for arithmetic progression
Up —Up = Uz —Ug ="+ = Up — Up_1
. . . a+c
if a, b, ¢ are sequential terms in AP, then b = 5
Sum of an AP
Sp=>_(a+(k-1)d) (7.2)
k=1
Up = Sn — Sn—l (73)
Sp = n(e ;r tin) if given last term wu,, (7.4)
n(2a+ (n—1)d
Sn = ( ( )4) if last term not given (7.5)

For Gunter Beck
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Geometric progression (GP): is of the form:

a,ar,ar®, ... ar" !
Uy = ar™!
Test for GP
U2 uz _Un
U U2 Up—1
Ug = U1U3, ,Uifl = Un—2Un
Sum of GP
n
S, = aZrk_l
k=1
a(r™ —1 .
Sy = ( ) use if |r| > 1
r—1
a(l —r"
Sp = ( ) use if |r| < 1
1—7r
Sum to infinity
a
Soo T where |r| < 1.

Some other useful sums

Zkz n(n+1)(2n +1)

6
k=0

k,3 Tl+1)
S
Zn:k n+1)

k=0

For Gunter Beck
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x?2 a3
—1+x+—+§+ (7.14)
1 Ina)?
a® ="M =14 zlna+ (@ ;a) + (@ ;l'a) (7.15)
2?2 23 2t
In(1 =r——=+—=———+4... -1 <1 7.1
n(l+z) =2 2+3 4+ , <z < (7.16)
Series relevant to Z transforms
Zz”:1+z+22+z3+~-~+zM_l+zM (7.17)
z Z =424 g ML ML multiplying b.s. by z
(7.18)
M
1-=z2 Z 2" =1— M subtracting (7.17) — (7.18])
n=0
(7.19)
M
1— M+1
LY A= (7.20)
n=0 -z
Now
') M
Zz = N}linooz,z (7.21)
n=0 n=0
1— ZM+1
= lim —— .22
1
This is from Thomas & Finney, pages 610-611.
8 Finance
Simple interest
1= Ptr (8.1)

_ . . _ . _ . 6
where P = principal, ¢t = time, r = rate (i.e., 6% — 105)

For Gunter Beck
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Compound interest
A=P(l+r)" (8.2)

where P = principal, n = time, r = rate as above, A = amount you get.

Reducible interest: This uses S, = % where a is M, r =1+ %.

M((1+ &)
R
100

1+ 100) (8.3)

7) 1

100
ATy

ie., M = Pa+
(1+

where M = equal installment paid per unit time
R = % rate of interest per unit time (Note: same unit of time as for M)
n = number of installments.

Superannuation

where A is an equal installment per unit time. n, R are as above.

9 Quadratic equations

The solution of ax? + bx + ¢ =0 is

 —bxVb? —dac

7 (9.1)
10 Differentiation
From first principles:
fl(x) = }ILIE% w (10.1)
or f'(c) = lim f@) = fo) (10.2)

r—c Tr — C

For Gunter Beck
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%m” =ng" ! (10.3)
d
— = 10.4
72 € 0 (10.4)
d
L efla)=cf(@) (10.5)
d
(@) £g(@) = f(z) + ¢'(x) (10.6)
Product rule
d dv du
L) = 4% 10.
dx(uv) udx+vdx (10.7)
d dw dv du
& —w & el 10.
T (uvw) = ww I +uwdaz +dex (10.8)
Quotient rule
du dv

au_ a3 (10.9)

Chain rule (Function of a function rule, composite function rule,
substitution rule)

dy dy du
10.1 Derivatives of trig functions
ﬁsinm:cosx (10.11)
7 CO8% = —sinx (10.12)
d
e tanz = sec® x (10.13)
1 s s
-1 -1
d _ Ty T 10.14
Iy S i 5 <sinT @< g (10.14)
-1 T s
~coslp= ——— - — -1 — 10.1
g8 i g <cosT T <o (10.15)
1 T s
el lp—_- - = -1 — 10.1
dxtan e 2<taun T <5 (10.16)
—secx = secxtanze (10.17)

dx

For Gunter Beck
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%cscx = —cscxcotx (10.18)
%cotx = —csc’z (10.19)
% sinhz = coshx (10.20)
% coshx = sinhx (10.21)

10.2 Derivatives of exponential and log functions

%m fz) = J;/((j)) (10.22)
% @) — f(g)el @ (10.23)
C%el =" (10.24)
%al =Ina-a” since o = Fn@ (10.25)
C%lny: %lny% (10.26)
% Iy — i% (10.27)

11 Integration

11.1 Integration by parts

dv du
/u% dx—uv—/v% dx (11.1)

11.2 Numerical integration

Trapezoidal rule

/ f(z (yo +yn 201+ Y2+ Yz + -+ Yno1)) (11.2)

For Gunter Beck
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Simpson’s rule
/ flx (y0—|—4y1+2y2+4y3+2y4+ A dyn—1+Yn) n is even
(11.3)
11.3 Indefinite integrals
/de:Kx—i-c (11.4)
xn—i—l
"dx = 11.5
/x T= +ec (11.5)
(ax + )"t
b)"der = ————— 11.6
/(am+ )" dx o+ D) +ec (11.6)
-1
/sinaxdx = —cosax + ¢ (11.7)
a
1.
/cosaxdx = —sinaz +c (11.8)
9 1
sec” ax dr = - tanaz + ¢ (11.9)
1
/e‘” dr = ae‘”—o—c (11.10)
T nwte (11.11)
/f I)) dz = In f(z) + (11.12)
~1
T =sin""xz+c 11.13
ﬁ — (11.13)
2l _m—cslote 11.14
| = (11.14)
dz 1
/dim—sm*lf—&—c (11.16)
Vaz — 12 '
:COS_lg—i—CQ, —a<z<a (11.17)
a
dz 1 4

For Gunter Beck
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/e“ du=¢€"+¢c, e, /ef("’)f'(a:) de =e/@ ¢ (11.19)

/e‘” dz = %—&—c (11.20)
1 1 r—a
———dr = —1 11.21
/x2—a2 7% Oga+a+c ( )
dz 1 a+z
— = —1 11.22
/az—xQ 2a Oga—x+c ( )
/lnxdxlenx—a:—i—c (11.23)
/dia: =log(z + Va2 + 22) + ¢ (11.24)
Va2 + x?
dz
——— =loglx +Vaz—a?)+c Va:|z|>a 11.25
| = o ) o (11.25)
/tanxdmzlogsecx+c (11.26)
/secxdw = In(secx + tanz) + ¢ (11.27)
= —In(secx — tanx) + ¢ (11.28)
T T
— lntan <Z+§) +e (11.29)
/cotxdlensina:+c (11.30)
9 1
csc”(ax) de = —— cot(ax) + ¢ (11.31)
a
zlna T
/aidx:/e“““dx:e teo= 2 +co (11.32)
Ina Ina

(let y = a®, then Iny = z1lna, so y = e*"?). (11.33)

1
/coshaxdx = —sinhaz + ¢ (11.34)
a

1
/Sinhaxdﬂc = coshaz + ¢ (11.35)

For Gunter Beck
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Trig substitutions

for a4 2? try x = atanf (11.36)
a® — 22 try x = asinf (11.37)
22 +a? try x = asecl (11.38)

2dt

= 11.
14+¢2 (11.39)

ift = tang then dx =

11.4 Definite integrals

< {/aof(t) dt} ~ f(=) (11.40)
/Oa (@) dx:/oaf(a—a:) do (11.41)

12 Areas and volumes of geometric shapes

Length of an arc with angle # and radius r is £ = r6.
Area of a sector angle 6 and radius r is A = %TQG
Area of a segment of a circle with angle § and radius r is A = 1r%(6 —sin 6)

1
Area of triangle = irz sin 6

1 1
. area of segment = 57'29 — 57"2 sin 6

Area of a triangle with height h and base b is A = %hb

Area of parallelogram with height A and base b is A = bh

Area of a trapezium with parallel sides of length a,b and height h is A =
sh(a+b)

Area of a rhombus with diagonals of length a,b is A = %ab

2. circumference is C' = 27r

Area of a circle is A = 7r
Area of an ellipse with semi-major axis length a, semi-minor axis length b
is A = wab. (Note that a, b become the radius as the ellipse approaches the

shape of a circle.)

For Gunter Beck
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12.1 Volumes

In the following, h is the height of the shape, r is a radius.

Right rectangular prism or oblique rectangular prism with base lengths a
and b: V = abh

Cylinder with circular base, both upright and oblique, V = 7r2h

Pyramids with rectangular bases of side length a, b, both right pyramids
and oblique pyramids: V = %abh

Cones: V = %WTQh

The curved surface area of an upright cone with length from apex to edge
of the base s (s is not the height, but the length of the side of the cone):
S =mrs.

Volume of a sphere V = %m‘

Surface area of a sphere is S = 47?2

3

13 Simple harmonic motion
DEFINITION 13.1
¥=-n"x n is any constant (13.1)

Other properties

2 2

v? =n?(a® — %) a = amplitude (13.2)
x = acosnt (13.3)
2m . .
T= . T is the period (13.4)
Umax = |na/| (135)
Fmax = —n°a (13.6)
14 Newton’s method

If 2 is a good approximation to f(z) = 0 then

To = X1 — f(iCl) (141)

f'(@1)
is a better approximation.

For Gunter Beck
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15 Binomial

The coefficients in the expansion of (a 4+ b)™ where n =0,1,2,3,... are given
by Pascal’s triangle.

15.1 Binomial theorem

(@+b)"=> T (15.1)
r=0
= nl ey

=y ————a""V (15.2)

= rl(n—r)!
Ty = "Cra™"b" (15.3)

n n!

where TLCT = (r) = m (154)

Pascal’s triangle relationship

e, ="C._1 +"Chy, (15.5)

Sum of coefficients

>y ore,=2m (15.6)

Symmetrical relationship

Oy ="Chy (15.7)

16 Hyperbolic functions

coshx = % even: catenary (16.1)
. et —e™”
sinhz = — odd: 1 — 1, onto. (16.2)
2 coshz = sinh (16.3)
-, cosha = sinh .

d
e sinhz = coshx (16.4)

For Gunter Beck
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Identities
cosh? z — sinh® z = 1 (16.5)
cosh 2z = cosh? z + sinh? z (16.6)
sinh(x 4+ y) = sinh x cosh y & cosh x sinh y (16.7)

17 Sets of numbers

subset notation elements

Complex numbers C

Real numbers R

Natural numbers (or whole numbers) N 1,2,3,4,5,...

Integers Z cey,—2,-1,0,1,2,3, ...
Rational numbers (or fractions) Q 01,2, -1, %, %, %, f%, f%, .

Reference: K. G. Binmore, Mathematical Analysis: a straightforward ap-
proach, Cambridge, 1983.

Note that Gunter called the set of integers J. He also referred to a set Rx,
and called the set of rationals Q or R. He included 0 in the set of Cardinals
or natural numbers, N.

18 Complex numbers

Definition of ¢

DEFINITION 18.1

V—1=4i (18.1)
Equality
DEFINITION 18.2 If a 4+ ib = ¢+ id, then a = c and b = d.
Mod-arg theorems

THEOREM 18.1

|2122] = |21 - |22 (18.2)
arg(z122) = arg z1 + arg 2o (18.3)

For Gunter Beck
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THEOREM 18.2

al_ lal (18.4)
z9 |22|
21
arg — = arg z1 — arg 2 (18.5)
2z
Euler’s formula .
cosf 4 isin® = cisf = ¥ (18.6)
Gunter called cos8 + isin 6 cisf.
de Moivre’s theorem
THEOREM 18.3 _
cosnf + insinf = cisnh = ¢’ (18.7)

Cube roots of unity: if 23 =1 then z =1 or f% + “2/3 Each root is the
square of the other.

Using de Moivre’s theorem: Here we use

P=1= |}=1= |zP=1 = |z|=1.

let z = r3(cos § 4 isin )3 Now r = 1, as above
further, z = cos 30 + isin 360 (by de Moivre’s Theorem)
c.cos30 4+ isin30 =14 40
s.cos30 =1, isin3d =i0

.30 =0,2m, 47, ...
2T —2
.'.9:0,§,Tﬂ since 6 < |7|.
21 —2m
H — cis0, cis 27 cis —27
ence z = cis0, cis —-, cis —
2
2 4
Now (cis ;) = cis ?ﬂ (de Moivre’s Theorem)
. 2w .
= cis 3 = other cube root of unity.
‘. one complex root is the square of the other. O

This same method is used to find the nth root of unity.
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See section 18] on the facing page for the meaning of cis 6.
Multiplying a complex number by 7 rotates the number by 7 in a positive
(anti-clockwise) sense:

2+ 7%z =2%R(2) (18.8)
z—7Z = 2i3(2) (18.9)
2| =Vz-2 (18.10)
argz ! = argz (18.11)
W= —iw (18.12)

19 Polynomials

DEFINITION 19.1 Monic means the leading coeflicient a,, = 1.

THEOREM 19.1 Every polynomial over F can be factorised into monic factors
of degree > 1 and a constant

Remainder theorem:

THEOREM 19.2 A(z) is a polynomial over F; A(x) = A(a) when A(x) is
divided by (z — a).

The factor theorem

THEOREM 19.3 (z — a) is a factor of A(z) iff A(a) =0

Theorem of rational roots of polynomials

THEOREM 19.4 If T is a zero of P(x) = ana™ + Ap_12" 1+ - aix + ag
(an #0), 7, s are relatively prime and ag, a1, ..., a, € Z, then s/a, and r/ay,
ie., (sx —r) is a factor of P(x).

Fundamental theorem of algebra

THEOREM 19.5 Every P(x) with coefficients over Rx, R or C has a root
(P(a)) = 0) for some complex number a.

See section [17] on page [23| for the particular meaning of “Rx, R” here.
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THEOREM 19.6 A polynomial P(x) of degree n > 0 has exactly n zeros in
field C and hence exactly n linear factors over C.

THEOREM 19.7 If « = a + ib is a root of P(x) (whose coefficients are real),
then its complex conjugate, @ = a — b is also a root.

THEOREM 19.8 If P(z) has degree n with real coefficients, if n is odd there is
always at least one real root.

19.1 Multiple roots & derived polynomials

THEOREM 19.9 If the factor (x — a) occurs r times then we say it is an r-fold
root, or o has a multiplicity of r.

THEOREM 19.10 If P(z) has a root of multiplicity m then P’'(x) has a root
of multiplicity (m — 1).

THEOREM 19.11 If P(x) over F is irreducible over F and deg P(x) > 1, then
there are no roots of P(z) over F.

THEOREM 19.12 2 different polynomials A(x) and B(x) over a non-finite field
F cannot specify the same function in F.

THEOREM 19.13 If two polynomials of the nth degree over a field F specify
the same function for more than n elements of F, then the two polynomials
are equal.

THEOREM 19.14 If P(z) = ag + a1 + asx® + - - - + a,x™ over F where n # 0
and if P(x) is completely reducible to n linear factors over F (i.e., if P(x) =
an(x — a1)(x — ag) ... (x — «p) where aq, o, ..., ay are the roots of P(x)),
then

Y o=t (19.1)

Y ap= a;““ (19.2)

Y apy = _O;”*?’ (19.3)

(19.4)

Z...aﬁ’y...w:(fl)"@ (19.5)

an
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Also

3 a?= (Z a)2 23 ap (19.6)

Definition of a rational function:

DEFINITION 19.2 If P(x), Q(z) are 2 polynomials over F, then gg;g is a

rational function over F.

Definition of sum and product of rational functions:

DEFINITION 19.3
A(x) n C(x) _ A(z)D(x) + C(x)B(x) (19.7)
B(z) = D(x) B(z)D(x) '
A@) Cl) _ A@)C() 195)
B(z) D(z) B(x)D(x) '

19.2 Partial fractions

THEOREM 19.15 IfF, P, Q are relatively prime polynomials over F and deg F' <
deg PQ then we can find unique polynomials A, B such that

F A B
- == 4+ = A P B . 19.
70" P + 0 deg A < deg P, degB < deg@ (19.9)

For Gunter Beck
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